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Abstract

In this paper, a novel residual based error estimator using radial basis functions (RBFs) is proposed. The error estimator evaluates the
residual in the strong-form governing equation in the local domain through direct integration. Due to the higher order continuous feature of the
RBFs, the higher derivatives of the field function in the strong-form governing equation can be obtained using RBFs. The numerical examples
show that the new residual based error estimator is simple, versatile robust and yet effective in the adaptive analyses. It is not only suitable
for adaptive analysis that uses numerical method formulated based on mesh, e.g. finite element method, but also meshfree methods where the
conventional residual based and recovery based error estimator cannot be used. Furthermore the present error estimator is also feasible for
numerical method that is formulated based on both strong and weak formulation in the adaptive analyses.
� 2008 Elsevier B.V. All rights reserved.
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1. Introduction

Adaptive analysis is an important study in the computa-
tional mechanics and engineering. Numerous research works
have been conducted in the area of adaptive analysis in the
past few decades. The ultimate goal of the adaptive analysis
is to obtain numerical solution with desired accuracy through
adaptive analysis process with minimum computation cost.
Through an effective refinement scheme, the discretization
error can be reduced by refining the region in the problem do-
main where the accuracy of the numerical solution is low, and
hence achieve the prescribed accuracy. Therefore, a robust and
effective error estimator plays a very crucial role to identify
the quality of the numerical solution. Without a reliable error
estimator, a good adaptive analysis can never be performed
effectively.
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In general, error estimator can be classified into two major
types, which are recovery based and residual based error esti-
mators. The recovery based error estimator is first introduced
by Zienkiewicz and Zhu in 1987 [1]. This error estimator is
obtained through the recovery processes and always expressed
in terms of the energy norm. Many recovery based error esti-
mators have been reported after then [2–4]. Zienkiewicz et al.
have also published a series of intensive works that is devoted
to the recovery based error estimator [5–7].

Residual based error estimators have been proposed much
earlier than recovery based error estimator. In 1978, resid-
ual based error estimator was first introduced by Babuska and
Rheinboldt [8]. Many works related to the residual based er-
ror estimator have been published, for examples, the residual
equilibration by Ainsworth and Oden [9].

In this paper, a residual based error estimator using radial
basis functions (RBFs) is present. The residual in the strong-
form governing equation is evaluated in the local domain to re-
flect the quality of the numerical solution locally. The measure
of residual is evaluated through direct integration. As RBFs
possess higher order of continuity, the higher derivatives of the
field function involved in the strong-form governing equation

http://www.elsevier.com/locate/finel
mailto:g0301110@nus.edu.sg
mailto:mpeliugr@nus.edu.sg
mailto:g0203729@nus.edu.sg
mailto:luchun@ihpc.a-star.edu.sg


632 B.B.T. Kee et al. / Finite Elements in Analysis and Design 44 (2008) 631–645

can be approximated. RBFs are well-known for its excellence
performance in curve fitting and interpolation [10,11]. In the
early 1990s, Kansa had also extended the RBFs to solve the
partial differential equations (PDEs) [12,13]. Recently, many
meshfree methods using RBFs to construct their shape func-
tion for field function approximation. Liu et al. have reported
a series of research works that adopted RBFs for function ap-
proximation using local nodes [14–18]. In this paper, as RBFs
possess higher order of continuity, it can be used to obtain the
higher derivatives of the field function that are required for the
direct integration of the residual in the strong-form equation
and local domain. Whereas, the continuity of polynomial func-
tion is very much restricted by the order of basis, obtaining
higher derivatives may not be achievable.

This works will demonstrate the following advantages of
residual based error estimator using RBFs:

1. The formulation of the present estimator is simple and
straightforward. The computational cost of the present for-
mulation is lower than the conventional residual based error
estimator.

2. The implementation of the present estimator is rather sim-
ple. It is very convenient to embrace the present error es-
timator with existing codes of any numerical method, e.g.
finite element method (FEM).

3. RBFs are very robust to approximate the higher derivatives
of the field function using scattered nodes. In contrast, the
approximation that uses polynomials function is often break-
down due to the singular moment matrix [14,19].

4. Unlike the recovery based error estimator, the present error
estimator does no involve recovery process. The cost for

recovery process is therefore avoided although this is minor
as compared to the entire computational cost.

5. Compared to recovery based error estimator, the knowledge
for recovery point is not required. For meshfree method,
obtaining recovery points may not be feasible.

6. As conventional residual based error estimator is involved
in evaluating the traction jump of the element interface [20],
it is not applicable for some meshfree methods where the
element does not exist in their formulation procedure.

7. This error estimator can be applied for solving various types
of PDEs. It is not restricted to particular problems only.

8. It is obvious that the present error estimator is very versatile.
It is not only feasible for numerical method that formulated
relying on mesh, for instance, FEM, but also the meshfree
methods. It is also suitable for both weak and strong formu-
lation procedure as well.

9. From the numerous numerical examples, the error estimator
is shown robust, effective, reliable, versatile and simple.

However, at the current stage of this work, the residual based
error based error estimator is restricted to linear problems only.
The present error estimator is also feasible for heterogeneous
materials where discontinuity stress functions exist across the
interface of different materials. Although no nonlinear prob-
lem, for example, elasto-plastics problem, is studied in this
work, many problems with high gradient solution and singu-
larity points are presented.

2. Approximation function

RBFs are well known and have been widely used for in-
terpolation and curve fitting [10,11]. In this work, RBFs aug-
mented with monomial terms are used here as a function ap-
proximation to approximate the field function. Many types of
RBFs with arbitrary shape parameters are available as given in
Table 1 [21,22].

An unknown field function u can be approximated at any in-
terest point x by local radial point interpolation in the following
form as

uh(x) =
n∑

i=1

airi(‖x − xi‖) +
m∑

j=1

bjpj , (1)

where n is the total number of the supporting nodes in the lo-
cal domain, m is the number of monomials in the polynomial
function, ri(‖ · ‖) is the RBF and pj is the monomial in poly-
nomial function for augmentation. ai and bj are the coefficient
of RBF and monomial of polynomial function.

Enforcing the local radial point interpolation to pass through
the nodal value at the supporting nodes in the local domain, we
have

⎡
⎢⎢⎣

u1
u2
...

un

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

r1(‖x1 − x1‖) r1(‖x1 − x2‖) · · · r1(‖x1 − xn‖) p1(x1) · · · pm(x1)

r2(‖x2 − x1‖) r2(‖x2 − x2‖) · · · r2(‖x2 − xn‖) p1(x2) · · · pm(x2)
...

...
. . .

...
...

. . .
...

rn(‖xn − x1‖) rn(‖xn − x2‖) · · · rn(‖xn − xn‖) p1(xn) · · · pm(xn)

⎤
⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

a1
...

an

b1
...

bm

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(2)

or

U = [R P ]

[
a
b

]
,

where U is the vector of unknown nodal values, a and b are the
vectors of coefficients for RBFs and monomials of the polyno-
mial function, respectively.

Table 1
Typical generalized radial basis functions [21,22], where ri = ‖x − xi‖ is the
Euclidian norm in the vector space

Type Expression Dimensionless
parameter

Multiquadrics (MQ) Ri(x, y) = (r2
i + (�cdc)

2)q �c, q

Gaussian (EXP) Ri(x, y) = exp(−cr2
i ) c

Thin plate spline (TPS) Ri(x, y) = r
�
i �

Logarithmic Ri(x, y) = r
�
i log ri �
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With orthogonal condition [23,13],

PTa = 0, (3)

the above Eqs. (2) and (3) can be combined as the following
form as{

U
0

}
=

[
R P
PT 0

] [
a
b

]
= G

[
a
b

]
. (4)

Hence, the vector of coefficients can be obtained as[
a
b

]
= G−1

{
U
0

}
. (5)

The approximated field function uh(x) can be then expressed
in the following form as

uh(x) = [�1(x) �2(x) · · · �n(x) ] U = �(x)U, (6)

where �i (x) is the shape function (RPIM shape function) for
supporting node i.

The derivatives of the field function can also be easily ex-
pressed using RPIM shape function. For instance, the first
derivative of the field function u respect to k can be given as

uh
,k(x)= [�1,k(x) �2,k(x) · · · �n,k(x) ] U=�,k(x)U, (7)

where �i,k(x) is the first derivative of the shape function respect
to k for supporting node i.

The details of RPIM shape function property are well dis-
cussed in the [21,22]. Due to the editorial limitation, it is very
difficult to present various types of RBF in one paper. There-
fore, only the well-known multiquadrics (MQ) RBF is used in
this paper. As other RBFs also demonstrate excellence perfor-
mance in curve fitting and interpolation, we believe that other
RBFs can achieve similar results that MQ-RBF can obtain. In
this work, MQ-RBF augmented with completed second order
polynomial function is used in the function approximation. The
shape parameters used for MQ is adopted from the recom-
mended values reported by Liu et al. [16,21,22]: �c = 3.0 and
q = 1.03.

3. Error estimate

In this work, we propose an error estimator that is formulated
based on the residual in the strong-form governing equation.
This residual based error estimator provides some physical in-
terpretation. The measure is an indicator of the equilibration in
the local domain. The quality of the approximated solution can
therefore been reflected in this measure.

Consider a system governed by the PDE as

L(u) + f = 0 in the problem domain � (8)

where L( ) is a differential operator and u is the field function
in the domain. The present residual based error estimator is
defined as

�L :=
∫
�T

ResT d�, (9)

where �T denotes the local domain and ResT is the residual
in the strong-form governing equation that measured in the

local domain �T by the numerical solution uh. The residual is
defined as follows:

ResT := ‖L(uh) + f ‖L2 . (10)

This error estimator represents the equilibration of the lo-
cal domain in the form of scalar L2 norm. In the numerical
integration scheme for evaluation of the residual in the local
domain, one point gauss integration scheme is used. Thus, the
local error estimator can further simplified as

�L = ResT × |T |, (11)

where |T | is the area of the local domain. Furthermore, the
estimated global residual norms is defined as

�G =
∫
�

‖ResT‖L2 d�, (12)

which is the L2 norm of the residual in the entire problem
domain.

Note that the higher derivative of the differential operator
can be approximated using RBF interpolation. Compared to the
conventional residual based error estimator that measures the
traction jump along the interface of the element [20], the cost
of measuring the residual that using direct integration is much
cheaper. Furthermore, measuring traction jump is not feasible
for meshfree method.

4. Adaptive strategy

In this work, a simple h-refinement scheme is adopted. The
problem domain is first discretized using Delaunay diagram.
The present error estimator is then measured for each individual
cell. The local domain will be refined if the refinement criteria
is met. The refinement criteria is defined as

�L > �l�ML, (13)

Fig. 1. Exact solution of a Poisson problem with steep gradient.
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where �l is local refinement coefficient and �ML is the maxi-
mum L2 norm of the local residual in the entire domain. Addi-
tional node will be inserted in the middle of the Delaunay cell.

The adaptation will be stop if the stopping criterion is
met as

�G < �g�MG, (14)

where �g is the tolerant coefficient of the estimated global resid-
ual norm and �MG is the maximum estimated global residual
norm throughout the adaptation process.

5. Numerical examples

In this works, numbers of numerical examples are given to
demonstrate the robustness of the present error estimator and
the excellence performance of the simple adaptive strategy.
Adaptive analysis using different numerical methods, i.e., FEM
and meshfree method are demonstrated. Comparison between
the conventional residual based error estimator and the present
error estimator is illustrated as well. The error norm used in
this paper is defined as follows:

en =
√∑

(uh − ue)2∑
(ue)2

, (15)

where uh is the approximated solution and ue is the exact so-
lution.

Fig. 2. Meshes at first, second, fourth and final steps.

5.1. Example 1

The first numerical example is a Poisson’s problem with a
steep gradient solution. An adaptive analysis of FEM using
linear triangular element is studied for the following Poisson’s
equation:

∇2u = 2000[1 + (1000x2y2 − 1)2](x2 + y2) − 2(2000xy)2(x2 + y2)(1000x2y2 − 1)

[1 + (1000x2y2 − 1)2]2
, x ∈ � : [0, 1] × [0, 1] , (16)

with Neumann boundary conditions

�u

�x
= 2000xy2

1 + (1000x2y2 − 1)2
, x ∈ �n : x = 1,

and

�u

�y
= 2000x2y

1 + (1000x2y2 − 1)2
, x ∈ �n : y = 1. (17)

And Dirichlet boundary conditions are given as

u = tan−1(−1), x ∈ �u : x = 0 and y = 0. (18)

The exact solution of this problem is known as

u = tan−1(1000x2y2 − 1). (19)

The three-dimensional plot of the exact solution is shown in
Fig. 1. Steep gradient exists in the solution can be observed.

In this example, the local refinement criteria and the global
residual tolerance are set as �l = 0.05 and �g = 0.05. Sixteen
nodes are used for constructing the RPIM shape function. The
adaptation takes six steps to complete from a regularly nodal
distribution with 100 nodes at initial step. The meshes at first,
second, fourth and final step are shown in the Fig. 2. From the
mesh of the final step, it is obvious that the region with high gra-
dient has been refined as shown in Fig. 3. The estimated global

Fig. 3. Contour plot of the gradient of field function and the mesh at the
final step.
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Fig. 4. Estimated global residual norm at each adaptive step.

Fig. 5. Convergent rate of the solution for uniform refinement and present
adaptive analysis.

Fig. 6. Model of a quarter of infinite plate with hole.

residual norm has been reduced gradually at each adap-
tive, see Fig. 4. For reference purpose, the accuracy of the
adaptive analysis is compared with the uniform refinement

Fig. 7. Meshes at first, third, sixth and final of the adaptive step.

Fig. 8. Convergency of the error norm of displacements.

scheme in Fig. 5. The convergent rate of the error of our
adaptive scheme is much higher than the uniform refinement
scheme. This example clearly exhibits the motivation of the
adaptive analysis. And the present error estimator is shown
robust and effective for high gradient field function in this
example.
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Fig. 9. Convergency of the energy norm.

Fig. 10. (a) Full model and (b) half model of the crack panel.

Fig. 11. Initial mesh of the adaptive analysis of the crack panel.

5.2. Example 2

A benchmark elastostatics problem is studied in example 2.
An infinite plate with hole subjected to a uniaxial traction in
the x-direction is considered as a plane strain problem here.
The dimension and material properties are given as b = 2.0 m
and a = 0.2 m, Young’s modulus E = 1 × 103 and Poisson’s
ratio � = 0.3. Due to symmetric, only a quarter of the plate is
analysed, see Fig. 6.

Fig. 12. Final step of the adaptive analysis using conventional residual based
estimator.

Fig. 13. Final step of the adaptive analysis using present estimator.

Fig. 14. Comparison of the convergency of the error norm of displacements.

The governing equation of the elastostatics problem is well
known as

	ij ,j + fi = 0 in �. (20)
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Fig. 15. Comparison of the convergency of the energy norm.
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Fig. 16. Comparison of the convergency of the stress intensity factor.

Fig. 19. Model of a quarter of cylinder subjected to an internal pressure.

The Neumann boundary conditions are given as

	ij nj = ti along the �t . (21)

And Dirichlet boundary conditions are known as

ui = ūi along the �u. (22)

Fig. 17. Comparison of the efficiency of the error estimators in term of energy
norm.

Fig. 18. Model of a quarter of cylinder subjected to an internal pressure.
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Fig. 20. Estimated residual norm at each adaptive step.

Fig. 21. Error norm of displacements at each adaptive step.

Fig. 22. Error norm of stresses at each adaptive step.

Fig. 23. The displacements in y-direction along the left edge at initial and
final steps.

Fig. 24. The normal stress 	yy along the bottom edge at initial and final step.

Fig. 25. Model of short beam.

In this problem, the symmetric conditions are applied
along the left and the bottom edges of the model and an-
alytical tractions are applied along the rest of the edges.
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Fig. 26. Node distributions at first, third, fifth and final steps.

Fig. 27. The displacement of point A at each adaptive step. Fig. 28. The approximated energy at each adaptive step.
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Fig. 29. (a) A panel formed by two horizontal layer and (b) a panel formed
by three vertical layers.

The analytical solution of this problem can be found
in [24].

The FEM with linear triangular element is used in this adap-
tive analysis. The local refinement coefficient and global resid-
ual tolerance are preset as �l = 0.1 and �s = 0.01, respec-
tively. The adaptation takes nine steps to complete. The mesh
at first, third, sixth and final steps are given in Fig. 7. From
the meshes distribution of the final step, we can notice that
the region where the stresses are concentrated is refined the
most.

For comparison, this problem is studied using uniform re-
finement scheme as well. From the numerical solutions of
the displacements and energy norm, we observed that the
proposed error estimator with simple h-refinement scheme
is able to provide a better convergent rate than the uniform
refinement scheme as shown Figs. 8 and 9. The accuracy of
the numerical solution is efficiently improved through our
adaptive approach. The present error estimator has demon-
strated its excellence performance to identify region where the
stresses are concentrated and hence leads the simple refinement
scheme to achieve a better discretization for analysis using
FEM.

5.3. Example 3

In this example, a crack panel shown in Fig. 10 is considered.
This problem is now considered as a plane strain problem and
the material properties are known as Poisson’s ratio � = 0.3,
Young’s modulus E = 3 × 107. The dimension of the cracked
panel is given in Fig. 10, where a = 0.5 m.

The cracked panel is subjected to a load along the boundaries
which described as

	xx = KI√
2
r

cos
�

2

(
1 − sin

�

2
sin

3�

2

)
, (23)

	yy = KI√
2
r

cos
�

2

(
1 + sin

�

2
sin

3�

2

)
, (24)

�xy = KI√
2
r

sin
�

2
cos

�

2
cos

3�

2
, (25)

where KI is stress intensity of mode I . Due to symmetric, only
half of the model is analysed, see Fig. 10(b).

In this example, the adaptive analyses of FEM using both
conventional residual based error estimator and the present error
estimator that using RBFs are studied. The initial mesh for
FEM is given in Fig. 11. Linear triangular element is used in
the FEM.

The conventional residual based error estimator is adopted
from Babuska [20] as

�L =
√√√√|T |2(
T f)2 + 1

2

∑
�∈ET

|�|2J2
� (26)

where triangle element T ∈ Th, ET is the edges of the element
T, and


T f := 1

|T | ·
∫

T

f d�. (27)

For each edge � of the element, J� is the traction jump along
the element interface.

The final mesh of the adaptive analysis using both conven-
tional and present error estimator are shown in Figs. 12 and 13,
respectively. From the final mesh given in Figs. 12 and 13, we
notice that the distributions of the meshes of the FEM using
two different estimators are very similar. The present error esti-
mator using RBFs is able to identify the singularity point at the
crack tip and leads the refinement scheme effectively to achieve
a better discretization mesh during the adaptive analysis.

From the error norms of displacement and energy norm, both
estimators provide excellent performance as shown in Figs. 14
and 15. A uniform refinement scheme is also carry out to com-
pare with the adaptive analyses using both error estimators.
From both Figs. 14 and 15, the motivation of the adaptive anal-
ysis is clearly demonstrated. Better accuracy can be achieved
by the adaptive analysis using both error estimators with less
amount of mesh compared to uniform refinement scheme.
Convergency of the stress intensity factor at each adaptive step
computed using both error estimators also plotted in Fig. 16 for
reference purpose. The performance of present error estimator
is as good as the conventional residual based error estimator.
To compare the cost effectiveness between two estimators, the
present error estimator is found more cost effective than the
conventional estimator as shown in Fig. 17. It is because the pro-
cedure of measuring the traction jump along the interface
between element cost more that the direct integration of the
residual in the local domain. The direct integration using one
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Fig. 30. Meshes at first, third, fifth , seventh, ninth and final steps.

Fig. 31. Estimated global residual norm at each adaptive step.

gauss point is shown robust, effective and reliable to evaluate
the present error estimator.

5.4. Example 4

In this example, the present error estimator is used in
the adaptive meshfree strong-form method. The strong-form
method is a truly mesh free method as it is formulated without
any mesh. Therefore, the recovery based error estimator that
relies on the recovering process is not possible to be adopted
to perform the adaptive meshfree strong-form method. Unlike
the recovery based error, the knowledge of recovering points
is not required for the present error estimator. The strong-form
meshfree method can be easily adopted the present error es-
timator that using RBFs for performing adaptive analysis. In
this works, the regularized least-squares radial point colloca-
tion method (RLS-RPCM) is used in this adaptive analysis.
The detailed formulation of the RLS-RPCM can be found
in [18].
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A cylinder subjected to an internal pressure is analysed in this
example. Due to the symmetric, only a quarter of the cylinder
is modelled. The dimension of the cylinder is given in Fig. 18.
The material properties is given as Poisson’s ratio � = 0.3 and
Young’s modulus E = 1 × 107. The internal pressure is known
as P = 1.

Fig. 32. Estimated residual at first, third, fifth , seventh, ninth and final steps.

Fig. 33. Distribution of normal stress 	xx at final step.

The local refinement coefficient and global residual tolerance
are predefined as �l=0.05 and �g=0.1, respectively. The adap-
tive analysis started with 121 nodes in the domain and takes
three steps to complete with 715 nodes, see Fig. 19. The esti-
mated global residual norm is gradually reduced in the adaptive
process as shown in Fig. 20. Additional nodes are added accord-
ing to the present error estimator using RBFs. The accuracy of
the displacements and stresses are greatly improved as shown
in Figs. 21 and 22. From the displacements in y-direction along
the left edge and the normal stress 	yy along the bottom edge
are plotted at initial and final step, tremendous improvement of
the numerical solution is observed (Figs. 23 and 24).

From this example, the residual based error estimator
using RBFs is again shown appropriate for implemented
in strong-form adaptive analysis. Excellence performance
of the present error estimator is exhibited while the re-
covery based error estimator is not possible to be used
here.

5.5. Example 5

Example 5 is an adaptive meshfree weak-form method [25].
A short cantilever beam subject to a uniform loading on the top
edge is studied and considered as a plane strain problem here.
The dimension of the short beam is indicated in Fig. 25 and
the material properties are known as: Young’s modulus E=1.0
and Poisson’s ratio � = 0.3. Loading applied on the top edge is
given as P = 1.0. The similar problem is also studied in [9] as
well.

As the exact solution is not available, a reference solution
computed by FEM with very fine mesh of 58 060 degree of
freedom is considered as an ‘analytical’ solution. The displace-
ment in y-direction of point A is −2.875323 and the energy
norm is given as ‖|u|‖ = 1.3794663.
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Fig. 34. Distribution of normal stress 	yy at final step.

Since there are two singularity points exist at the two corner
of the beam near to the wall, the meshes around singularity
points are expected to be refined. In this example, the local
refinement coefficient is predefined as �l = 0.05 and global
residual tolerance is set as �g = 0.2. The adaptive analysis
takes seven steps to completed. Node distributions at initial,
third, fifth and final step are plotted in Fig. 26. From the final
distribution, the proposed error estimator has demonstrated its
robustness of identifying the all singularity points exist in the
problem domain. More additional nodes have been inserted
around the singularity points.

From this example, we can observe that the proposed error
estimator is able to identify the singularity points. The region
near to the singularity points has to be refined in order to im-
prove the accuracy of the numerical solution. Accuracies of the
displacement and energy norm are also against the reference
solution that are plotted in Figs. 27 and 28.

It is evidently clear that the present error estimator is also
feasible for meshfree weak-form method to perform adaptive
analysis. The error estimator using RBFs is robust and able to
lead the refinement scheme to refine the region where singu-
larity points exist.

5.6. Example 6

In this example, a heterogeneous panel with unit thickness
subjected to a compression load in horizontal direction is con-
sidered as shown in Fig. 29(a). This panel consists of two dif-
ferent materials and is made up by two horizontal layers. The
material properties are given as Young’s modulus: Emat1 = 3 ×
105, Emat2 = 3 × 104 and Poisson’s ratio: �mat1 = �mat2 = 0.25.

Two different compression loads are applied to the left edge
of the panel as shown in Fig. 29(a), where tx1=9000, tx2 =900.
Such loading configuration results in a constant strain and linear

displacement field function over the entire domain. The strain
is known as εx = 0.30 and exact solution of displacements are
known as ux = 3 × 10−2x and uy = −0.75 × 10−2x.

As linear displacements field can be reproduced by the lin-
ear triangle element in FEM, the solution of the FEM is same
as the exact solution. Similarly, the RPIM shape functions us-
ing in the present error estimator is able to reproduce linear
function. Hence, the present error estimator effectively shows
no error exists in the finite element solution. In the paper of
Sydenstriker et al. [26], numerical example had shown that the
error estimators given by Zienkiewicz et al. [1,27] indicate error
that does not exist in the problem domain across the interface
of the two layers.

5.7. Example 7

In Example 7, another heterogeneous panel with unit thick-
ness subjected to a compression load in horizontal direction is
considered as shown in Fig. 29(b). This panel consists of two
different materials and is made up by three vertical layers The
material properties are given as Young’s modulus: Emat1 = 3 ×
105, Emat2 = 3 × 104 and Poisson’s ratio: �mat1 = �mat2 = 0.25.

In this case, a constant compression load is applied to the left
edge of the panel as shown in Fig. 29(b), where t=15 000. Such
loading configuration results in a discontinuous stress distribu-
tion. Large error is expected to be found along the interfaces
between layers.

An adaptive analysis is conducted in this example. The lo-
cal refinement coefficient is predefined as �l = 0.05 and global
residual tolerance is set as �g =0.1. The adaptive analysis takes
11 steps to complete. Node distributions at initial, third, fifth
and final step are plotted in Fig. 30. From the final distribu-
tion, it is clear that most of the nodes are inserted along the
interfaces between two differences layer of material due to the
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Fig. 35. Distribution of shear stress �xy at final step.

discontinuous of the stress field. The present error estimator
has effectively identified the error along the interfaces as shown
in Fig. 31. From the estimated global residual norm given in
Fig. 32, the norm has been reduced gradually till the end of the
adaptive analysis. Normal stresses and shear stress distributions
are given in Figs. 33–35 for reference purpose.

From this example, it is clear that the present residual error
estimator is versatile and also feasible for heterogeneous ma-
terial in adaptive analysis.

6. Conclusion

In this paper, a very simple residual based error estimator
using radial basis functions (RBFs) is present. The present er-
ror estimator has shown simple, robust and versatile. From the
numerous examples, excellence performance of the present er-
ror estimator is observed. The present error estimator is able
to reflect the local error and leads the adaptation to a better
discretization with simple refinement scheme. We have also
shown the present error estimator is suitable for various kinds
of numerical method. The present error estimator is not only
feasible for numerical method that formulated relying on mesh,
such as finite element method, but also applicable to the mesh-
free method. Furthermore, regardless of formulation procedure,
the present error estimator is feasible for both weak and strong
form method. In addition, the present error estimator also shown
good performance for problems dealing with heterogeneous
materials Without much modification, such simple error esti-
mator can be easily embraced in the existing code of numerical
method to perform the adaptive analysis. Compared to recov-
ery based and conventional residual based error estimator, the
present error estimator has been shown very more versatile,
simple and easy to implement in adaptive analysis.

At this stage of development, the present error estimator is
restricted for linear problems with homogenous material only.
In the future development, the proposed residual error estimator
is potentially extended for nonlinear problems.
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